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Runge-Ku $t$ ta , C. Runge, W. Kutta 1900




$Runge-Kutt$ a . (1. 1)
, $X=x$ . $y$ $y$ . ,




$k_{I}=h$ $f$ $( x_{\mathfrak{n}}+a_{1}h_{\mathfrak{n}}, y_{n}+\sum_{\text{ }=1}^{I-1}b_{I}, k_{\text{ }})$ $(i=2,3, \ldots p)$
$h_{\mathfrak{n}}=x_{\mathfrak{n}+1}-x_{\mathfrak{n}}$ (1. 2)
$p$ $Runge-Kutt$ a . $a_{I},$ $b_{Ij}$ , c
$a_{1}=$
$1 \sum_{3}^{1- 1}b_{I}$ $(i=2,3, \ldots gp)$
. $a_{1},$ $b_{I}$ $c_{1}$ , .
$p$
$q$ $p$ , $q\leqq 4$ $p=q$ , $q>4$ $p>q$
. 1.1 .
1. 1






, , , , 58 60
, Runge-Kutta al. $b_{Ij}$ . Cl , ,
, , Runge-Kut ta
D R E RK $F$ (Diagnostic Rout ine for Explicit Runge-Kutta Formula)
( (6), (11)) . ,
$h^{q+1}t_{q}$ , DRERK $F$ ,











p q $x=x_{\mathfrak{n}+1}=x_{n}+h$ yn+’
$T_{\mathfrak{n}+1}=g_{q}h^{q+1}+O(h^{q+2})$ (2.1.1)
. $g_{q}$ , $a_{q}$ , ,
(1. 1) 1 $g_{l}(x_{\mathfrak{n}}, y_{\mathfrak{n}})$ .
$g_{q}=\sum_{J<1}a_{\mathfrak{n}J}g_{1}(x_{\mathfrak{n}}. y_{n})$ (2. 1. 2)
lq , (1.1) , q
, p q ,
$A_{q2}$ $A_{q3}$ .
Aq2 $= \sum_{/=1}^{1q}|a_{n}\downarrow|$ (2. 1. 3) $A_{03}=\sum_{\approx 1}^{1q}a_{q}\downarrow 2$ (2. 1. 4)
2. 2
(1. 1)
$y’=\lambda y$ ( $\lambda$ ) (2. 2. 1)
. $P$ $q$ $Runge-Kutt$ a ( $p$ $q$
) (1. 2) (2. 2. 1) ,
$e_{\mathfrak{n}+1}=P_{p.q}$ (hh $\lambda$ , $7_{n+1}\ldots..\gamma_{p}$ ) $e_{n}+E_{n}$ (2. 2. 2)
. $=y_{n}.y(x_{\mathfrak{n}})$ $x=x_{\mathfrak{n}}$ ,
$e_{n}=y_{n}-y(x_{n})$ (2.2.3)
$P_{n.u}$ $( h\lambda, \gamma_{\pi+\iota}\ldots., 7)=\sum_{k=0}^{q}(\underline{h_{k}\lambda_{!})}^{k}+$
$\sum_{1=n+1}7I$
(
$\underline{h_{i}\lambda_{!})}^{1}$ (2. 2. 4)
, $E_{n}$ .
$P_{p.q}$ $(h\lambda, 7_{q+1}\ldots..7_{0})$ $P$ $q$ . (2. 2. 4) 71 ,
. (2.2.2) ,
. $p$ $q$ (1. 2) ,
$|P,$
$.q$
$(h\lambda, 7_{q+1}\ldots..\gamma,)|\leqq 1$ (2. 2. 5)
, h \mbox{\boldmath $\lambda$} . S
$P$ $q$ .
$S=$ { $h\lambda|$ $|P_{p.q}$ ( $h\lambda$ , $7_{B}+1,$ $\ldots$ , 7p) $|\leqq 1,$ $h\lambda$ } (2. 2. 6)
$Se$ , $P$ $q$
. $S1$ , $p$ $q$
.
$S1=R\cap Se=$ $[-\alpha, 0.0]$ (2. 2. 7)
R . p q







Rl $= \sum_{1=1}^{p}|c1|+\sum_{I=2}^{p}\sum_{\downarrow=1}^{I- 1}|b1j|$ (2. 3. 1)
, , $0\leqq a1\leqq 1.0$ a $I\leqq a$ , $(i\langle j)$
, Runge-Kutta (1.2) .
(1) , $-(2)$ ,
(3) , .
\S 3. Runge-Kutta DRERK $F$
, $Runge- Kutt$ $a$




( $10^{-\epsilon}$ $=$ )
$0$
1 9
$A_{q2}$ . A. 3
A $(q+1)2$ . A $(n+1)3$
R
,
DRERK $F$ INPU $T$ , $ORDER$ , $ERR0R$ , $ST$ ABILIT $Y$ 4
.
3. 1 SUBROUTINE I N P U $T$
, , ( , ,









. , . ,
..
, DATA 1 9 ,
R $R$ (I) $(1=1.483)$ . $TR$ (J) $(j=1.104)$
. T $R$ .
, 7i R $L$ , $TL$ .
,
(1) $|$ RL $(I)-RR(1)|<1.0\cross 10^{-8}$





Aq2. A $(q+1)2$ , $A_{q3}$ , A $(q+1)$ $ ( $q$ )
. , .
, , RF(I)(I $=1,482$), $TF(J)$
$(J=1.200)$ , . , ,
,
.
ORDE $R$ D $E$ , ,
, .
$a_{QI}$ Aq2, $A_{q3}$ .
A $rz=\sum_{I=}^{nu}]$ a $q1|$ A $q3=\sum_{1=1}^{num}$(a $n1$ ) $2$ (3. 3. 1)
(num ; )
, . \emptyset $g$ $,+1$ }\llcorner \check .
Rl , .
Rl $= \sum_{1=1}p|c1|$ $+ \sum_{1=2}\sum_{\downarrow=1}^{I-1}\Phi|b1j|$ (3. 3. 2)
3. 4 SUBROUTINE S TA B I L I T $Y$
71 .
.
$h_{\mathfrak{n}}\lambda$ $P_{p}$ . $q(h_{n}\lambda, 7_{q+1}. , , 7_{\Phi})$
, .
1 1 11 8 PP (]), $(1=1,11)$ .
ERRO $R$ $P$ .
, $P$ , $Q$ , $P$ ALPHA (1)
, $(P-1)$ ALPHA (2) . . . . . 1 ALPHA (P) .
ALPHA (1) $=0$ , $D-K-A$ , 1
( ALPHA (1) $arrow ALPHA(2)arrow$ ).
, $h_{\mathfrak{n}}\lambda$
.
$Durand-Kerner$ -Aberth . P., $q(h_{n}\lambda. 7q+1. , , 7p)=$ $e1\theta$ (
90
$|P_{p}$ . $Q(h_{n}\lambda, 7_{q+l}. , . 70)|=1)$ . $\theta$ $0$ 2 $\pi$
$(\pi/45)$ , $p$ .
$(90*P)$ , REP $(J, [)$ , IMP
$(J, 1)$ $( J=0,89. 1=1, P )$ . , .
, 1 (90 ) $P$ (90 )
, . ,
. ,
, , , .
, $|P_{p.q}\langle h_{n}\lambda$ . $7_{q+1},$ . . $7_{0}$ ) $|=0.9.0.8$




71 $=i$ ! $\lambda b\Downarrow$ $Zh_{4}x$ $(q+1\leqq i\leqq p)$ (3. 4. 1)
$i$
(2. 2. 4) 71 $(p-q)$ .
(1 I)
3. 1 AREA, AREAI, AREA2, AREA3, (AREA4, AREA5)
AREA ; .





AREA4, AREA5 2 , 3 .
, 3. 5 ,
Imaginary Part LMIN, 2 Imaginary Part LMAX
, $\frac{LMIN}{LMAX}<\frac{1}{10}$ , $\geqq\frac{1}{10}$ . 3.
6 , $h_{n}\lambda$ ,
. AREAI . AREA3, AREA4, AREA5 ,
, 3 .
3. 5 DRERK $F$
, $-$ , 9 .
, ( . Heun 3 3 )
:
3:
$F$ : ( traction)
$N$ : ( )
1. $OdO$ . :a2
3. $OdO$ :a2
2. $OdO$ . :as Heun 3 3
3. $OdO$ :aa
1. $OdO$ . : $b_{21}$
3. $OdO$ : $b_{21}$
0. $OdO$ . : $b_{31}$
3. $OdO$ : $b_{31}$
2. $OdO$ . : $b_{32}$
3. $OdO$ : $b_{32}$
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, ( . Gill 4 4 )
:
4 :
$F$ : ( action)
$Y$ : $(X^{es})$
1. $dO$ , :a2 $d$ ( )
0. $dO$ . :a2 $e$ ( ) $\frac{d+e\sqrt{f}}{g}$
0. $dO$ . :a2 $f$ ( ) 7t
2. $dO$ :a2 $g$ ( )
1. dO. : $a_{3}$ $d$
0. $dO$ . : $a_{s}$ $e$
0. $dO$ . : $a_{3}$ $f$
2. $dO$ : $a_{3}$ $g$
$l^{\backslash }’\lambda$ $\Re$
, ( . 5 4 )
:
5:
$D$ : ( $\lambda^{ecima1)}$
$N$ : ( )
0. $235d0$ : a2
0. $44d0$ : $a_{3}$
0. $994d0$ : $a_{4}$
1. $0d0$ : $a_{5}$
0. $235d0$ : b21
$-0.02727517047d0$ : $b_{S1}$
0. $.4672751705d0$ : $b_{ 2}$
, $\cdot$ .
PAR. IN , DRERK $F$
. OPEN ( $5$ . $FILE=$ PAR. I N)
.
3. 6
4 4 Runge-Kutta .
$*************************THE$ DIAGNOSIS $****************************$
– I NPUT DATA –
$*stages–4$ :
$*4-stag_{-}e$ explici $t$ Runge-Kutta formula is : 4 R-K
Kl $=$ Hn $*F$ ( Xn , Yn)
$Ki=$ Hn $*F$ ( Xn $+Ai*Hn$ , Yn $+Sum$ ( $J=1$ . $i-1)$ Bi $i*Ki$ )
$[ i=2. 4]$
$Yn+1=$ Yn $+Sum$ $(i=1 , 4)$ Ci S Ki $Xn+1=$ Xn $+Hn$
*formula – :
1/ 2 $|$ 1/ 2
1/ 2 $|$ 0/ 1. 1/ 2
1/ 1 $|$ 0/ 1 0/ 1 1/ 1
$|$ 1/ 6 2/ 6 2/ 6 1/ 6
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*check– :
Th $is$ formula $is$ perfect 1 I $t$ has no error]
–Coefficients–
$0$ coeff $ici$ ents – 3 : $0$
The largest cofficient – 1 Keta :
– ORDER–
This formula is 4 th order method
The resul $t$ of test, thi $s$ formula sati sfied cond itional equat ions of 4th order
: 4
for sys tems of D. E.
Therefore, this formula is 4-stage 4th order explicit Runge-Kutta formula for
: 4 4
systems of D.E. Runge-Kutta
$*$ check–
Th $is$ formula $is$ normal 1




$*$ for systems of D. E.
$T4=g4*Hn**5+g5*Hn**6+0$ $( Hn**7)$ :
$g4=$
a 4 14 $f$ $(f. f, f. f)$ :a4 $1=-0.34722222222222222D-03$
$+a4$ $2*f$ $(f (f. f. ), f)$ :a4 $2=020833333333333333D-02$
$+a4$ $3*f$ $(f(f). f, f)$ :. a4 $3=-0.20833333333333333D-02$
$+$ a 4 44 $f(f (f, f. f))$ ;a4 $4=013888888888888889D-02$
$+$ a 4 5* $f(f(f (f. f)))$ :a4 $5=-0.20833333333333333D-02$
$+a4$ $6*f(f(f(f(f))))$ :a4 $6=083333333333333333D-02$
$+$ a 4 7* $f$ $(f(f). f(f))$ :a4 $7=-0.62500000000000000D-02$
$+$ a 4 84 $f$ $(f(f(f)). f)$ :a4 $8=-083333333333333333D-02$
$+$ a 4 94 $f(f (f(f), f))$ :a4 $9=0.41666666666666667D-02$
–CRITERIA OF THE SIZE OF TRUNCATI0N ERROR (1st term)–
$*$ for systems of D. E.
$*A42=$ Sum $( i=1, 9)$ abs ( a 4 $i$ ) : A42, $A_{43}$
$*A43=$ Sum $(i=1, 9)$ $squ$ ( a $4i$ )
A 42 $=$ $0$ .3506 $9444444444444D-01$ : A42





a5 $1*f(5)(f. f. f. f. f)$ : a $1=-0.17361111111111111D-03$
$+a5$ $2*f$ $(f(f). f, f. f)$ : a $2=-0.17361111111111111D-02$
$+a5$ $3*f$ $(f (f, f)$ . $f$ . $f$ ) : a $3=0S6S05555555555556D-03$
$+a5$ $4*f$ $(f (f. f, f). f)$ ; a $4=0.17361111111111111D-02$
$+a5$ $5*f(f (f. f, f. f))$ ; a $5=0520S3333333333333D-03$
$+a5$ $6*f(f(f (f. f. f)))$ ; a $6=-0.34722222222222222D-03$
$+a5$ $7*f(f(f(f (f. f))))$ : a $7=013SSSSSS8SSS88889D-02$
$+a5$ $\mathfrak{g}*f(f’(f(f(f(f)))))$ ; a $8=013S88888888888889D-02$
$+a5$ $9*f$ $(f(f). f\cdot(f), f)$ ; a $9=-052083333333333333D-02$
$+a510*f$ $(f\cdot\cdot(r_{:}f), f(f))$ ; a $10=-017361111111111111D-02$
$+a511*f$ $(f (f(f). f). f)$ ; a $11=011754943508222875D-37$
$+a512*f$ ($f(f(f))$ . f. f) ; a $12=-0.69444444444444444D-02$
$+a513*f(f$ $(f(f). f. f)$ } ; a $13=0.31250000000000000D-02$
$+a514*f’(f(f(f’(f))). f)$ ; a $14=0.69444444444444444D-02$
$+a515*f$ $(f(f(f’(f))). f)$ ; a $15=055555555555555556D-02$
$+a516*f(f(f (f(f). f)))$ ; a $16=0.41666666666666667D-02$
$+a517*f(f (f(f). f(f)))$ : a $17=-0.10416666666666667D-02$
$+a518*f$ $(f(f(f)), f’(f))$ ; a $18=-069444444444444444D-02$
$+a519*f$ $(f (f ’ (f. f)). f)$ ; a $19=-0.34722222222222222D-02$
$+a520*f(f (f (f, f),$ $f$ )) : a $20=0.34722222222222222D-03$
–CRITERIA OF THE S I ZE OF TRUNCATI0N ERROR (2nd term)—
$*for$ systems of D. E.
$*A52=$ Sum $( i=1. 20)$ abs ( a 51 ): $A_{62}$ . $A_{63}$
$*A53=$ Sum $(i=1. 20)$ $squ$ ( a $5i$ )
A $52=$ $0.88715277777777778D-01$ : A52
A $53=$ $0.46751422646604938D-03$ : $A_{53}$
–CRITERI0N OF ROUND-OFF ERROR–
$*$ for systems of D. E.
$*R1=$ Sum $( i=1,4)$ abs (Ci) $+Sum$ $( i=2,4)$ Sum $(j=1, i-1)$ abs (Bi j)
$*R2=$ Sum $(i=1.4)$ abs (Ci) : $R_{1}$ . $R_{2}$
Rl $=$ $0.30000000000000000D+01$ : $R_{1}$
R2 $=$ $0.10000000000000000D+01$ : $R_{z}$
$*This$ formula is monotone. :
–POLYNOMIAL OF STABI L ITY–
PP ( 44) $=1+Z+Z**2/2[+Z**3/3!+Z**4/4$ ! :
$Z=h\lambda$
Where, $Z=h*LAMDA$
–THE AREA OF THE REGION OF ABSOLUTE STABILITY–
:
$*AREA$ : the area of the region of absolute stability
$*AREA1$ ; the area of the non-effective region of absolute stability (in the
first and the forth quadrant)
$*AREA2$ ; the area of the effective region of absolute stability
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$*AREA3$ ; the area of the non-effective region of absolute stability (smaller than
LMIN (1) ) :LMI $N$ . \langle Real Part .
AREA $=$ 12.70008252277239400 :
AREA 1 $=$ $0.50399783329155307$ : 1, 4
$*AREA2=$ 12. 19608468948084094 :
AREA $3=$ $0$ . 00000000000000000 :







, $R$ un $ge-K$ $utt$ a




4. 1 7 6
$*A62=$ Sum $( i=1, 48)$ abs ( a 6 $i$ ) $*$ A 72 $=$ Sum $( i=1.115)$ abs ( a 7 $i$ )
$*$ A 63 $=$ Sum $( i=1, 48)$ sqr ( a 6 $i$ ) $*$ A 73 $=$ Sum $( i=1,115)$ sqr ( a 7 $i$ )
, $S$ hank $s$ 5 .
96
$*$ Rl $=Suw$ ( $I–$ I. 7) abs (C1) $*$ Su $n$ $( i=2.7)$ Sum \langle $j=1$ . $I-1$ ) abs { $B$ I i) *
$FP(\eta b)=|*7.*X222/l$ !$7.t3/3 $!\dagger 7.2*\{/t!*X2$ s/5!$CA\mbox{\boldmath $\lambda$}NA62z126/0! . $7=h\lambda$
$*$ R2 $=$ Sun $(1–1.1)$ abs $(Ci)$
$S$ han $ks$ 5 ,
76. 77 2 .
7 6 1 6 . Bu $t$ che $r-opt$ . $L$ awson-op $t$ ,
S TA B. TRUN. I Ml $0$ , I M9. I M5. [Ml , .
Bu $t$ ch $er(3)$ . (4) $,$ (5) .
, TRUN. $But$ che $r-op$ $t$ . $S$ TA B. Lawson-op $t$
.
, TRUN, Bu $t$ che $r(1)$ , (3), (5)
. $R1$ ,
, [Ml . , .
,- STAB.
Lawson IM9, [Ml .
,
, IMl, I $M5$ , I $M9$ .
.. ,
TRUN, [Ml, IM5, [M9 .
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, DRERK $F$ $Runge$
$-Kut$ $t$ a , .
.
, $Runge-Kut$ $t$ a
. , 7 6
,
, , .
, $Runge-Kut$ $t$ a ,
, DRERK $F$
, .
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